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Abstract
We prove that the graphs of minimum distances of two perfect binary (n; 3) codes are iso-
morphic if and only if these codes are equivalent. ? 2001 Published by Elsevier Science B.V.
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Let C be an arbitrary perfect binary code with distance 3. The graph of minimum
distances of C is the graph G(C) whose set of vertices coincides with C and two
vertices are connected by an edge if the distance between them is equal to 3. Phelps and
Le Van [2] pose the problem: whether or not the perfect binary codes with isomorphic
graphs of minimum distances are equivalent? We prove here a statement, announced
in [1], that implies the positive answer to this question.
Let En be the unit n-dimensional cube, and let C1 and C2 be two perfect codes in
En with distance 3. We say that the codes C1 and C2 are equivalent if there is an
automorphism A of En such that A(C1)=C2. Two codes C1 and C2 are called isometric
if for some map I :C1 → C2 the equality d(	; 
)=d(I(	); I(
)) holds for all 	; 
 ∈ C1.
The codes C1 and C2 are weakly isometric if for some map J :C1 → C2 the equality
d(	; 
) = 3 holds if and only if d(J (	); J (
)) = 3. It is clear that equivalent codes are
isometric, and isometric codes are weakly isometric.
In [1], a theorem was proved (whose case n= 15 was considered separately in [3])
that can be stated as follows.
Theorem 1. If two perfect binary (n; 3) codes are isometric; then they are equivalent.
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We now prove the following statement, which readily implies the conjecture by
Phelps and Le Van.
Theorem 2. If two perfect binary (n; 3) code are weakly isometric; then they are
equivalent.
Proof. Let C1 and C2 be perfect (n; 3) codes, and let J :C1 ⇒ C2 be a weak isom-
etry. Consider an arbitrary vector V ∈ C1. Without loss of generality, up to some
automorphism of the cube En, we may assume that V = J (V ) = 0.
We say that the vectors V1 and V2 are 3-adjacent if d(V1; V2) = 3. Suppose the
vector V1 + V2 has ones in the coordinates r; j and k. Then we say that the vector V2
3-adjacent to the vector V1 is located in the direction (r; j; k) from V1.
We now split the code C1 into pairwise disjoint subsets M1; M2; : : : ; Mn, where Mi
consists of the vectors that have weight i. Let us prove that each vector in J (Mi)
has weight i. This means that a weak isometry preserves not only distance 3 but
also any other distance, i.e., is an isometry. We need the following three auxiliary
statements.
Lemma 3. Each vector of Mi is 3 adjacent either with a vector of Mi−3 or precisely
with i(i − 1)=2 vectors of Mi−1.
Proof. Suppose that a vector W in Mi is 3-adjacent with no vector from Mi−3. Among
the i unity coordinates of W , we choose an arbitrary pair (j; k). By the deGnition of
perfect code, there is a unique triple (r; j; k) such that in the direction (r; j; k) from W
a vector U of C1 is located. By assumption, U has weight i−1, and the rth coordinate
of W is 0. It remains to observe that the pair (j; k) can be chosen in precisely i(i−1)=2
ways.
Lemma 4. Each vector of Mi+2 is 3-adjacent to at most (i + 1)(i + 2)=6 vectors of
Mi−1.
Proof. Given a vector W of Mi+2, we can choose a pair among its i + 2 ones in
(i + 1)(i + 2)=2 ways. As in Lemma 1, this pair can be uniquely extended to a triple.
The only diHerence consists in the fact that the additional coordinate should have one
in W , in order that the corresponding vector 3-adjacent with W belonged to Mi−1.
But since each such a triple is generated by any of its three pairs, it follows that the
number of triples does not exceed (i + 1)(i + 2)=6.
Lemma 5. The assertions of Lemmas 1 and 2 remain true if all Mi are replaced by
J (Mi).
Proof. Indeed, Lemmas 1 and 2 are based on the notion of 3-adjacency, which is
invariant with respect to the weak isometry.
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To complete the proof of our theorem, suppose that i is such that the set J (Mi)
contains a vector V of weight other than i; moreover, let us assume that i is as small
as possible with this property. Due to the choice of i, all J (Mr) consist precisely of the
vectors of code C2 that have weight r, whenever r ¡ i. As the weak isometry preserves
the parity of weight, the vector V must have weight i + 2. However, this contradicts
Lemmas 1–3 because i(i + 1)=2¿ (i + 1)(i + 2)=6, whenever i¿ 3. Thus, the map
J preserves the weights of vectors, or in other words, the distance from a vector to
0. Since, as it was already mentioned, the above argument holds up to an arbitrary
automorphism of the cube En, it follows that the map J preserves each distance and
is thus an isometry.
Now Theorem 2 follows easily from the Theorem 1.
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